The semiclassical density of states has two components, given by the Weyl series, and the trace formula. The former varies smoothly with energy, while the latter has oscillating components from the periodic orbits. In this paper, we investigate the redundancy between these two parts by calculating the fermionic grand potential for particles in a circular disc. We find that the difference between the quantum mechanical and the Weyl results gets smaller exponentially with increasing temperature, and may be approximately accounted for by the contribution from the periodic orbits only when some spurious parts are discarded from the latter.
In many-body systems like an atomic nucleus, a metal cluster, a quantum dot, or a trap with a dilute gas of bosons, much of the physics may be unravelled from the quantum description of the single particle (quasi particle) motion in an appropriate quantum well. The resulting quantum density of states may be then used to calculate the ground and excited state properties of the system. Even for a highly correlated system like the atomic nucleus or the Bose-Einstein condensate, the independent particle picture is successful. Much effort in semiclassical physics has gone into obtaining this density of states without using the machinery of quantum mechanics [1] - [3] . There are, loosely speaking, two components in the semiclassical density of states : one that varies smoothly with energy, generally called the Thomas-Fermi part; and the other that oscillates with energy, and is linked to classical periodic orbits via the trace formula [4] , [5] . The main focus of this paper is to investigate if there is a redundancy of contributions from these two parts in an actual computation of some quantity of physical interest. To test this issue, we calculate the fermionic grand partition function of particles in a circular disc semiclassically and from quantum mechanics. We find that the sum from the smooth and the oscillatory parts do not add up to the quantum result. This is due to some partial contributions from the trace formula that have already been fully accounted for by the smooth part. Only by omitting these spurious contributions from the trace formula do we obtain a reasonable agreement with the quantum result. This new finding is the central point of this work, and will be discussed in detail below.
Before outlining the calculation, we should explain the reason for the choice of calculating (a) the fermionic grand partition function in (b) a circular disc geometry. Even for a finite system with a few particles, equilibrium thermodynamics has been successfully applied, with the temperature related to the available excitation energy [6] . The grand partition function then enables one to calculate the global properties of the system. The logarithm of the grand partition function is proportional to the grand potential, directly related to the equation of state of the system. It is therefore of physical interest to calculate it semiclassically. In this paper, we confine our study to the fermionic problem in order not to get entangled by the complications of finite-size effects in Bose-Einstein condensation, an interesting topic in its own right [7] , [8] . The study of the grand partition function also has the following mathematical advantage. It is well-known that the trace formula for the single-particle density of states is generally divergent. In this problem, however, at higher temperatures the finer resolution in energy gets blurred, and the contribution of the longer periodic orbits to the trace formula is supressed. Moreover, the grand partition function may be directly calculated using the (asymptotic) Weyl series expansion for the single-particle partition function, given in powers of the inverse temperature. For the circular disc, the recursion relation for the Weyl coefficients has recently been found by Berry and Howls [9] . This enables us to obtain the Weyl series for the grand partition function of the disc, and examine its asymptotic behaviour. Since the leading order trace formula for the circular disc may also be expressed analytically [10] , its contribution to the grand partition function is easily calculated. By identifying the common terms with the same analytical dependence on temperature and chemical potential, it is then possible to isolate the spurious contributions of the trace formula to the grand potential.
Before proceeding to the disc calculation, it is instructive to consider the simple harmonic oscillator, which is very special in the sense that its trace formula is exact. Nevertheless, it will serve to show that a residual oscillating part of the grand potential in the trace formula has a different analytical form from the Weyl power series, and when added to it, gives the quantum result. This also turns out to be true for the disc but only after further analysis. For simplicity, we treat the one-dimensional harmonic oscillator, but the calculation is similar for higher dimensions. The single particle density of states is exactly given by [5] (hω = 1)
where g(ǫ) = i δ(ǫ − ǫ i ) is the sum over all states i with corresponding eigen-energies ǫ i .
Following Bohr and Mottelson [11] , we write the logarithm of the fermionic grand partition function as
where β = 1/τ , and α/β = µ, the chemical potential. The quantum grand partition function may be evaluated directly from the single-particle eigenvalues ǫ i 's, or may be computed by substituting (1) in Eq.(2). In the latter case, there is a separation of the contributions from the smooth and the oscillatory density of states. The exact result is given by
Our next task is to obtain the Weyl series for the single-particle partition function. For a well-behaved potential, this is the same as the Wigner-Kirkwood expansion, which only requires a knowledge of the functional form of the potential and its derivatives [12] . For a one-dimensional harmonic oscillator, we obtain Z
, where c 0 = 1, c 1 = −1/24, c 2 = 7/5760, etc. The harmonic oscillator is special, in the sense that this Weyl series is convergent for β < 1. We have checked [13] , by comparing the first forty terms of this series, that it yields the expansion for 1 2 cosech(β/2), which is the exact quantum result. The logarithm of the grand partition function may be expressed in the standard form
since its two-sided Laplace transform with respect to α is given by the RHS. By replacing
given above, we immediately obtain the Weyl series for the grand potential
In getting the above relation, we have applied the convolution theorem for obtaining the inverse of a product of two-sided Laplace transforms [14] . Note that even for β < 1, this is an asymptotic series, and does not yield the exact result for ln Z G (α, β) given by (3). This may be seen after some algebra by expanding cosech(kβ/2) occurring in the last term of Eq.(3) in a power series. The result, for β < 1, is given by
The difference between the exact and the Weyl result for ln Z G (α, β) is exponentially small with a 1/β-dependence in the exponent, which is different from the analytical structure of the Weyl series. This will turn out to be important for the disc problem also. The asymptotic nature of the Weyl series (5) becomes apparent by plotting its value (for fixed α, β) by taking an increasing number of terms in the series. This plot is not shown, since similar graphs will be displayed in Fig.1 for the circular disc.
In the case of the disc, the eigenvalues (with the Dirichlet boundary condition) are the zeros of the Bessel function, and the quantum grand partition function is computed from Eq.(2). For convenience, we take a disc of unit radius, and seth 2 /2m = 1. The Weyl series for the single-particle partition function in this case is given by [9] 
This series is asymptotic, and diverges if taken to all orders in β. This is shown in Fig.1, where the difference between the quantum and the Weyl value, denoted by ∆ = (ln
, is plotted for increasing order of the Weyl series (8) . For α/β ≫ 1, ∆ settles down to a plateau after a few terms of the series, giving the optimum result. The asymptotic nature of the series is apparent for α/β = 1 in the bottom panel of Fig.1 , since ∆ begins to rise rapidly with the inclusion of higher order terms. (The same happens for the other cases shown but at higher order in the asymptotic expansion.) The figure shows that the Weyl series is very accurate in the high temperature limit (for β → 0) since decreasing β between the top and middle panels lowers the value of the plateau. Periodic orbits should not contribute terms with the same analytical structure as in (8) . Otherwise, there will be redundancy on adding the two. This is precisely what happens for the disc, where naïve use of the trace formula gives terms with integral powers of β.
Consider the oscillatory density of states for the circular disc with unit radius, as given by the trace formula to leading order inh [10] :
In the above, v, w refer to the number of vertices and windings in a given periodic orbit. (9) to the logarithm of the grand partition function is given by :
In the limit of β → 0, this may be evaluated analytically by performing Fresnel integrals of the form ∞ −∞ exp(it 2 )t 2 dt, and doing the double sum occurring in (9) . The result is
This has the wrong coefficient of ln(1 + exp(α)), when compared to the Weyl value c 2 = 1/6
given in (8) . If added naively to the Weyl series, it destroys the agreement with the quantum result.
The power series (β n , integral n) component in δ ln Z G (α, β) may be isolated by making a series expansion of the function ln(1 + exp(α − βǫ)) in the integrand of Eq. (10), and performing the Fresnel integrals term by term analytically. This procedure only extracts the power series part, and yields the result
Interestingly, only the periodic orbits with an even number of vertices contribute to this asymptotic power series. We shall presently see that the contribution of the periodic orbits with an odd number of vertices has an exponential dependence in (−1/β), reminiscent of the form for the harmonic oscillator in Eq.(6). The n = 0 term in (12) is precisely the same as Eq. (11). Like this term, we find that each coefficient of β n in (12) is numerically different from c 2n given in the Weyl series (8) , and should be discarded for getting agreement with the quantum result. Accordingly, the subscript S on the left-hand side of (12) stands for the spurious contributions from the trace formula. We should emphasize that Eq. (12) does not constitute the total contribution of the orbits with even number of vertices, it merely isolates the part that has a power series dependence. The remainder, along with the contribution of the orbits with odd vertices, should be added to the Weyl series (8) , to get closer to the quantum result.
We should point out that one may also calculate the contribution of the periodic orbits from Eq.(4), replacing Z 1 (βs) on the right-hand side by δZ 1 (βs), where the latter is the Laplace transform of δg(ǫ), the periodic part, given by Eq.(9). This may be evaluated by changing the variable to k = √ ǫ, and doing the integration about the saddle point at k = iL vw /2β. We then find that only the orbits with an odd number of vertices contribute in this analysis, and an orbit with length L vw gives a contribution to δZ 1 (βs) that is proportional to exp(−L In Table 1 , we display some numerical results for the disc for a few representative values of (α, β). We compare ∆(α, β) = (ln Z G − ln Z W G ), with the periodic orbit contribution δ(α, β) = (δ ln Z G − [δ ln Z G ] S ), after the spurious contribution (12) is subtracted off. This comparison is also shown in Fig.1 , where the asymptotic behaviour of both these quantities is apparent. We note from the last column of the table, as well as the figure, that the positions of the plateaus of δ and ∆ are similar. Thus, the contribution of the periodic orbits to the grand potential does account for the difference between the quantum and the Weyl calculations in a consistent manner, but only after the spurious contributions have been discarded.
The results from the two examples studied here presumably carry over to more general problems. The Weyl series for the one-body partition function may contain terms with integral and nonintegral powers of β. On Laplace-inversion, the terms with integral powers lead to the Dirac delta function and its derivatives at zero energy in the density of states.
The trace formula has oscillatory terms that appear to be quite different, but give spurious contributions to the grand potential with integral powers of β. Although we have only demonstrated this for the disc, where the trace formula in the lowest order is given in a simple form, we expect this to be generally true. The reason for the presence of spurious terms is that the trace formula is asymptotic and should really only be used in the high energy limit. However, in making use of Eq. (2) we use the trace formula right down to ǫ = 0. It is this inconsistency which gives rise to the spurious terms. It is clear that this inconsistency will plague the calculation of any quantity which involves an energy integration. We plan to investigate this for the case of a smooth but nonintegrable billiard where the Weyl series is also known [9] , but the periodic orbits are isolated.
Finally, it should be mentioned that in an actual physical calculation, the average number of particles is generally kept fixed, and this imposes a constraint on the derivative of ln Z G (α, β) with respect to α. In this paper, we have not imposed this constraint. For a large number of fermions in a temperature range larger than a few times the average level spacing, but much less than the chemical potential (i.e.,α/β >> 1, β < 1), the Weyl series for the grand potential itself is very accurate, and the nonspurious contribution of the periodic orbits is very small. Otherwise, as the last line of Table 1 shows, the periodic orbits may play a dominant role.
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